Abstract. We show that if H is a quasiconvex subgroup of a hyperbolic group G then the relative Cayley graph Y (also known as the Schreier coset graph) for G/H is Gromov-hyperbolic. We also observe that in this situation if G is torsion-free and non-elementary and H has infinite index in G then the simple random walk on Y is transient.
Introduction
We will call a map π : A → G a marked finite generating set of G if A is a finite alphabet disjoint from G and the set π(A) generates G. (Thus we allow π to be non-injective and also allow 1 ∈ π(G).) By abuse of notation we will often suppress the map π from consideration and talk about A being a marked finite generating set or just a finite generating set of G. We recall the explicit construction of a relative coset Cayley graph, since it is important for our considerations. Definition 1.1. Let G be a group and let π : A → G be a marked finite generating set of G. Let H ≤ G be a subgroup of G (not necessarily normal). The relative Cayley graph (or the Schreier coset graph) Γ(G/H, A) for G relative H with respect to A is an oriented labeled graph defined as follows:
(1) The vertices of Γ(G/H, A) are precisely the cosets G/H = {Hg | g ∈ G}.
(2) The set of positively oriented edges of Γ(G/H, A) is in one-to-one correspondence with the set G/H × A. For each pair (Hg, a) ∈ G/H × A there is a positively oriented edge in Γ(G/H, A) from Hg to Hgπ(a) labeled by the letter a. Thus the label of every path in Γ(G/H, A) is a word in the alphabet A ∪ A −1 . The graph Γ(G/H, A) is connected since π(A) generates G. Moreover, Γ(G/H, A) comes equipped with the natural simplicial metric d obtained by giving every edge length one.
The relative Cayley graph Γ(G/H, A) can be identified with the 1-skeleton of the covering space corresponding to H of the presentation complex of G on the generating set A. Note that if H is normal in G and G 1 = G/H is the quotient group, then Γ(G/H, A) is exactly the Cayley graph of the group G 1 with respect to A. In particular, if H = 1 then Γ(H/1, A) is the standard Cayley graph of G with respect to A, denoted Γ(G, A).
Recall that a geodesic metric space (X, d) is said to be δ-hyperbolic if every geodesic triangle in X is δ-thin that is each side of the triangle is contained in the closed δ-neighborhood of the union of the other sides. A geodesic space (X, d) is hyperbolic (or Gromov-hyperbolic) if it is δ-hyperbolic for some δ ≥ 0. According to M.Gromov [30] , a finitely generated group G is said to be hyperbolic (or wordhyperbolic) if for any marked finite generating set A of G the Cayley graph Γ(G, A) is a hyperbolic metric space. Recall that a subgroup H of a word-hyperbolic group G is said to be quasiconvex if for any finite generating set A of G there is C > 0 such that every geodesic in Γ(G, A) with both endpoints in H is contained in the C-neighborhood of H. Quasiconvex subgroups play a very important role in the theory of hyperbolic groups, as they enjoy some particularly good properties. Thus a quasiconvex subgroup H of a hyperbolic group G is itself finitely generated, finitely presentable and word-hyperbolic. Moreover, H has solvable membership problem with in G and the subgroup respect H is rational with respect to any The statement of Theorem 1.2 appears as a claim without proof in Section 5.3, page 139 of M.Gromov's book [30] . Theorem 1.2 was also independently obtained by Robert Foord [17] in his PhD thesis at Warwick (which appears unlikely to be published according to the information received by the author from Foord's advisor Derek Holt).
It must be stressed that hyperbolicity of the coset graph Γ(G/H, A) has nothing to do with relative hyperbolicity of H in G, as defined by either M.Gromov, B.Farb or B.Bowditch [31, 16, 5, 56] . Relative hyperbolicity in either sense roughly speaking deals with collapsing in Γ(G, A) into single points all pairs g, gh (where g ∈ G, h ∈ H). For example, if G = F (a, b) and H = a , then the length of the path p = aba 100 b −1 a 100 essentially becomes 2. To construct the relative Cayley graph Γ(G/H, A) from Γ(G, A) one has to collapse the right cosets Hg only. Thus for the above example the distance in Γ(G/H, A) between H1 and Hp is equal to 202. The graph Γ(G/H, A) generally does not admit a G-action, which is very much unlike the relatively hyperbolic situation. We should also stress that B.Bowditch's general technique of collapsing a family of separated uniformly quasiconvex subsets in a hyperbolic space to obtain a new hyperbolic space [5] is not applicable for our purposes, since the sets Hg are not uniformly quasiconvex in Γ(G, A). If H is quasiconvex in a hyperbolic group H, then G is known to be relatively hyperbolic with respect to H in the senses of both B.Farb and B.Bowditch (see [16, 20, 5] ).
It is worth noting that the statement of Theorem 1.2 does not hold for arbitrary finitely generated subgroups of hyperbolic groups. For example, by a remarkable result of E.Rips [46] for any finitely presented group Q there exists a short exact sequence
where G is torsion-free non-elementary word-hyperbolic and where K is two-generated and non-elementary. Thus G/K = Q and if Q is not hyperbolic to begin with, then the relative Cayley graph Γ(G/K, A) is not hyperbolic either. On the other hand it is possible that H ≤ G is not quasiconvex but Γ(G/H, A) is Gromov-hyperbolic nonetheless. For example, this happens if H = K and Q = Z in the construction above. Then Γ(G/K, A) is hyperbolic since Z is word-hyperbolic. However, K ≤ G is not quasiconvex, since K is infinite and has infinite index in its normalizer. Similar examples can be constructed using mapping tori of automorphisms of free groups and surface groups.
Note that by construction Γ(G/H, A) is a 2k-regular graph where k is the number of elements in A. We also obtain the following useful fact. The statement of Theorem 1.3 no longer holds for arbitrary finitely generated subgroups of torsionfree hyperbolic groups, even if those subgroups are themselves hyperbolic. For example, if F is a finitely generated free group, φ is an automorphism of F without periodic conjugacy classes, then the mapping torus group G = F, t | t −1 f t = φ(t), f ∈ F is word-hyperbolic (see [4, 8] ). In this case F is a normal subgroup of G with G/F = Z. It is, of course, well-known that the simple random walk on Z is recurrent.
The author is very grateful to Laurent Bartholdi, Philip Bowers, and Tatiana Smirnova-Nagnibeda for the many useful discussions regarding random walks, to Paul Schupp for the many helpful remarks and suggestions and to Derek Holt for alerting the author to the work of R.Foord.
Hyperbolic metric spaces
We assume that the reader is familiar with the basics of Gromov-hyperbolic spaces and word-hyperbolic groups (see [30, 10, 23, 1, 13] for details). We will briefly recall the main definitions.
If (X, d) is a geodesic metric space and x, y ∈ X, we shall denote by [x, y] a geodesic segment from x to y in X. Also, of p is a path in X, we will denote the length of p by l(p). Two paths α and β in X are said to be K-Hausdorff close if each of them is contained in the closed K-neighborhood of the other.
Given a path α : [0, T ] → X we shall often identify α with its image α([0, T ]) ⊆ X. If Z ⊆ X and ≥ 0, we will denote the closed -neighborhood of Z in X by N (Z).
Definition 2.1 (Hyperbolic metric space). Let (X, d) be a geodesic metric space and let δ ≥ 0. The space X is said to be δ-hyperbolic if for any geodesic triangle in X with sides α, β, γ we have
that is for any p ∈ α there is q ∈ β ∪ γ such that d(p, q) ≤ δ (and the symmetric condition holds for any p ∈ β and any p ∈ γ) . A geodesic space X is said to be hyperbolic if it is δ-hyperbolic for some δ ≥ 0.
Suppose α and β are geodesic segments from x to y in a geodesic metric space (X, d). We will say that the geodesic bigon Θ = α ∪ β is δ-thin if α ⊆ N δ (β) and β ⊆ N δ (α).
The following important result was obtained by P.Papasoglu [44] :
) be a connected graph with the simplicial metric (that is a path-metric where the length of every edge is equal to one). Then X is hyperbolic if and only if there is some δ ≥ 0 such that all geodesic bigons in X are δ-thin.
Notice that the above statement fails for arbitrary geodesic metric spaces. For example, in the Euclidean plane with the standard Euclidean metric all geodesic bigons are 0-thin, while the plane is certainly not hyperbolic.
Remark 2.3. P.Papasoglu only states Theorem 2.2 in [44] for the case when X is the Cayley graph of a finitely generated group. However, it is easy to see that his proof does not use the group assumption at all and works for any connected graph with edges of length one. This fact was noticed by many researchers, for example W.Neumann and M.Shapiro [43] . We will also need another equivalent definition of hyperbolicity.
Definition 2.4 (Gromov product)
. Let (X, d) be a metric space and suppose x, y, z ∈ X. We set
Definition 2.5. Let (X, d) be a geodesic metric space and let ∆ = α 1 ∪ α 2 ∪ α 3 is a geodesic triangle in X, where
Thus there exist uniquely defined points p ∈ α 1 , q ∈ α 2 and r ∈ α 3 such that:
We will call (p, q, r) the inscribed triple of ∆. Let (p, q, r) be the inscribed triple of ∆, where p ∈ α 1 , q ∈ α 2 , r ∈ α 3 , as shown in Figure 1 . Then:
The following statement is well-known [1]:
Theorem 2.7. Let (X, d) be a geodesic metric space. Then (X, d) is hyperbolic if and only if for some δ ≥ 0 all geodesic triangles in X are δ-trim.
Till the end of this section let (X, d) be a geodesic metric space with δ-trim geodesic triangles.
The following lemma immediately follows from Definition 2.5.
is a geodesic triangle in X and let a be an arbitrary point in the side
Definition 2.9. Suppose (X, d) is a geodesic metric space. We will say that a path p in X is a near geodesic if p = p 1 p p 2 such that p , p 1 , p 2 are geodesic segments and such that 0 ≤ l(p i ) ≤ 1 for i = 1, 2.
Quasiconvex subgroups of hyperbolic groups
The detailed background information on quasiconvex subgroups of hyperbolic groups can be found in [53, 22, 37, 41, 29, 25] and other sources. We will assume some familiarity of the reader with this material.
Let G be a hyperbolic group with a marked finite generating set π : A → G. Let X = Γ(G, A) be the Cayley graph of G with respect to A. We will denote the word-metric corresponding to A on X by d X . Also, for g ∈ G we will denote |g| X := d X (1, g). Let δ ≥ 10 be an integer such that (X, d X ) has δ-trim geodesic triangles. Let H ≤ G be a quasiconvex subgroup. Thus H is finitely generated, finitely presented and word-hyperbolic. Let E > 0 be an integer such that H is an E-quasiconvex subset of X. For an A-word w we will denote by l(w) the length of w and by w the element of G represented by w. These constants and notations will be fixed till the end of this article, unless specified otherwise. A word w will be called d X -geodesic if l(w) = |w| X . A word w will be called near geodesic if any path in X labeled by w is near geodesic.
The following observation follows immediately from Definition 2.5 since δ ≥ 10:
Lemma 3.1. Let α and β be paths from a vertex x to a vertex y in X such that α is a geodesic and β is a near geodesic. Then for any point p ∈ α there is a vertex q ∈ β with d X (p, q) ≤ 3δ. Similarly, for any point p ∈ β there is a vertex q ∈ α with d X (p, q) ≤ 3δ.
The following useful statement is proved in [3] :
There exists an integer constant K = K(G, H, A) > 0 with the following properties. Suppose g ∈ G is shortest with respect to d X in the coset class Hg. Let h ∈ H be an arbitrary element. Then:
Let Y = Γ(G/H, A). Thus Y is a connected graph with the induced simplicial metric, which we will denote by d Y .
Lemma 3.3. There exists an integer constant K 1 = K 1 (H) > 0 with the following property.
Let g, f ∈ G be shortest with respect to d A elements of Hg and Hf respectfully. Let w be the label of a near geodesic path in Y from Hg to Hf and let h ∈ H be such that hf = gw. Then |h| X ≤ K 1 .
Proof. Let K = K(H) be the constant provided by Lemma 3.2.
By the choice of w, the word w is the label of a near-geodesic path in X. Let u be an A-geodesic word representing w ∈ G.
Consider a geodesic triangle ∆ is X with vertices 1, hf, g and with the sides α =
Let ζ be the path from g to f h labeled by w in X.
There are two cases to consider. Case 1. Suppose d (1, z) ≤ d(1, r) , as shown in Figure 2 .
Let z ∈ α be such that
Since g is shortest in Hg, we have d(h, g) ≥ |g| X . Therefore
and hence |h| X ≤ 2K + δ. 
Therefore
Let N be the number of elements in G of length at most E +K +5δ. Suppose that d(r, z) ≥ N (8δ +10). Let x 0 = r, x 1 , . . . , x N be the points on [r, z] ⊆ γ such that d(r, x i ) = i(8δ + 10). For each i = 0, . . . , N there is a point
i v j . Note that |b| X ≤ E + K + 5δ and d(v i , v j ) ≥ 8δ + 10 − 4δ − 4δ = 10. Let w = w 1 w 2 w 3 , where w 1 is the label of the segment of ζ from g to v i , where w 2 is the label of the segment of ζ from v i to v j and where w 3 is the label of the segment of ζ from v j to hf . Since b(h 
Proof of Theorem 3.4
Since Y is a graph with simplicial metric, by Theorem 2.2 it suffices to show that bigons with neargeodesic sides and vertices of Y as endpoints are uniformly thin in Y .
We shall fix a near-geodesic bigon Θ in Y with vertices x 1 , x 2 and geodesic sides α and β joining x 1 to x 2 , as shown in Figure 4 . We can write x 1 = Hg and x 2 = Hf , where each g, f ∈ G are shortest with respect to d X elements of the H-cosets Hg and Hf accordingly. Let the A-words w, u be the labels of α and β accordingly. Thus w and u are near geodesic words with respect to d X and Hgw = Hgu = Hf . Hence there are h 1 , h 2 ∈ H such that h 1 gw = f = h 2 gu. By Lemma 3.3 we have |h i | X ≤ K 1 for i = 1, 2.
Note also that f := gw = hgu, where h = h and ∆ 2 := σ ∪ α ∪ β. Recall that w 1 , w 2 are near-geodesic words in A. We will draw a path W 1 from g 1 to f with label w 1 and a path W 2 with label w 2 from hg to f . This situation is shown in Figure 5 . .
There is a constant K 2 = K 2 (H) > 0 with the following property. Suppose ζ is a subsegment of σ = [g, hg] such that c is the midpoint of ζ and that ζ is contained in the δ-neighborhood of either α or β. Then l(ζ) ≤ K 2 .
Proof. Let K 1 > 0 be the constant provided by Lemma 3.3. Suppose ζ be a subsegment σ = [g 1 , hg 1 ] such that c is the midpoint of ζ and that
We will show that ζ cannot be contained in the δ-neighborhood of β. The argument for α is completely analogous. Indeed, suppose on the contrary, that ζ is contained in the δ-neighborhood of one of β. Let z 1 and z 2 be the initial and the terminal points of ζ accordingly, as shown in Figure 6 .
Let
Since w 2 is a near-geodesic in X and ζ is contained in the δ-neighborhood of β, there are points Recall that w 2 is the label of β. We write w 2 as w 2 = v 1 vv 2 , where v 1 is the label of the segment of β from ng to p 2 , v is the label of the segment of β from p 2 to p 1 and where v 2 is the label the segment of
Let u 1 be the label of a d X -geodesic path from p 2 to y 1 , so that l(u 1 ) ≤ 7δ + 10K 1 . Also, let u 2 be the label of a d X -geodesic word from y 1 to p 1 , so that l(u 2 ) ≤ 5δ. Put w 2 = v 1 u 1 u 2 v 2 . By construction w 2 is the label of a path in Y = Γ(G/H, A) from x 1 = Hg to x 2 = Hf = Hf . However l(v) ≥ K 2 − 6δ and l(u 1 u 2 ) ≤ 12δ + 10K 1 , so that l(u 1 u 2 ) < l(v) − 10. This implies that l(w 2 ) < l(w 2 ) − 10, which contradicts the fact that β is a near geodesic in Y from x 1 to x 2 .
Thus l(ζ) ≤ K 2 , which completes the proof of Lemma 4.2.
Now let p, q, r be the inscribed triple for ∆ 2 , where
Lemma 4.3. Let K 2 > 0 be the constant provided by Lemma 4.2. There is an integer constant
Proof. Put K 3 := 2K 1 + K 2 where K 1 and K 2 are the constants provided by Lemma 3.3 and Lemma 4.2 accordingly. Let x ∈ α be an arbitrary vertex. Let x ∈ W 1 be the vertex such that the segment of W 1 from g to x has the same label as the segment of α from x 1 to x . There is a vertex y ∈ α such that d(x, y) ≤ 3δ. Suppose first that y ∈ [q, f ]. Since ∆ 2 is δ-trim, there is a vertex z on W 2 such that d(x, z) ≤ 4δ. Hence d(x, z) ≤ 7δ. Let z ∈ β be such that the segment of W 2 from z to f and the segment of β from z to x 2 have the same label. Then d Y (x , z ) ≤ 7δ.
Suppose now that y ∈ [g, q], as shown in Figure 7 .
Let v ∈ β be the vertex such that the initial segment of β from x 1 to v and the initial segment of W 2 from hg to v have the same label. By the choice of s and s we have
Thus we have shown that α is contained in the δ -neighborhood of β , where
A virtually identical argument shows that β is contained in the δ -neighborhood of α , where δ > 0 is some constant independent of the choice of the bigon Θ. This completes the proof of Theorem 3.4.
Simple random walks
Definition 5.1. Let X be a connected graph of bounded degree. We will say that X is recurrent if the simple random walk on Y eventually returns to the base-point with probability 1. Otherwise X is said to be transient.
We refer the reader to [9, 57] for the detailed background information about random walks on graphs and for further references on this vast subject. (i) For any x 1 , x 2 ∈ X we have 1
(ii) For any y ∈ Y there is x ∈ X with d(y, f (x)) ≤ C. If only condition (i) above is known to hold, the map f is said to be a quasi-isometric embedding (even though f need not be injective).
We need the following simple fact which asserts that a graph of bounded degree, which admits a quasi-isometric embedding of a binary tree, is transient. 
is a quasi-isometry. Since part (ii) of Definition 5.2 obviously holds, we need to show that there exists C 1 > 0 such that for any vertices z 1 , z 2 of Z we have
Since every vertex of Z is connected in Z by a path of length at most C to a vertex in f (V B), it suffices to establish the above inequality for z 1 , z 2 ∈ F (V B).
On the other hand since the distances between the images of adjacent vertices of B are bounded by 2C, we have
Combining these inequalities, we obtain
On the other hand, it is obvious that
Thus we have established that ( †) holds and so f :
is a quasi-isometry. Since B is a regular binary tree, it is transient. By Theorem 3.10 of [57] transience is a quasi-isometry invariant for connected graphs of bounded degree. Hence Z is a transient graph. Since Z is a subgraph of Y and Y is locally finite, Lemma 2.2 of [7] implies that Y is transient as well. Suppose now H = 1. Let X = Γ(G, A) be the Cayley graph of G with respect to A. We will denote the word-metric on X corresponding to A by d X . Also for g ∈ G we denote |g| X := d X (1, g). Put Y = Γ(G/H, A). Thus Y is a connected 2k-regular graph where k is the number of elements in A. We denote the simplicial metric on Y by d Y .
By a result of G.Arzhantseva [2] since H ≤ G is quasiconvex and has infinite index, there exists an element of infinite order c ∈ G such that H 1 = H, c = H * c is quasiconvex in G. Choose h 0 ∈ H − {1} and put a = ch 0 c −1 , b = c 2 h 0 c −2 . It is easy to see that H 2 = H, a, b = H * F (a, b) ≤ H 1 ≤ G is quasiconvex in H 1 and hence in G. Thus H is quasiconvex in H 2 , H 1 and G. This implies that the free group F (a, b) with the standard metric admits a quasi-isometric embedding in Y . Indeed, consider the map ξ : F (a, b) → Y defined as ξ : f → Hf for f ∈ F (a, b).
For f ∈ F := F (a, b) we will denote by |f | F the freely reduced length of f in F (a, b) with respect to the free basis a, b. We will also denote by d F the word-metric on F (a, b) corresponding to the free basis a, b. Choose a finite generating set Q for H and denote by d Q the word-metric on H corresponding to Q. For h ∈ H we will denote |h| Q := d Q (1, h). Put S = {a, b} ∪ Q so that S is a generating set for H 2 . Denote by d S the word metric on H 2 corresponding to S. Since H 2 is quasiconvex in G, there is a constant λ > 0 such that for any element g ∈ H 2 we have d X (1, g) ≥ λd S (1, g). Moreover, since F is a finitely generated subgroup of G, there is a constant λ > 1 such that for any f 1 , f 2 ∈ F we have d X (f 1 , f 2 ) ≤ λ d F (f 1 , f 2 ). (In fact we can choose λ = max{|a| X , |b| X }.)
Suppose f 1 , f 2 ∈ F are two arbitrary elements. Then ξ(f i ) = Hf i . Let w be the A-word which is the label of a geodesic path in Y from Hf 1 to Hf 2 . Denote by g the element of G represented by w. Then there is h ∈ H such that f 1 g = hf 2 . Thus g = f 
Hence ξ is a quasi-isometric embedding of (F, d F ) into (Y, d Y ). The Cayley graph of F is a 4-regular tree which contains a regular binary tree as an isometrically embedded subgraph. Hence by Proposition 5.3 the graph Y is transient.
